Using the operator approach, we obtain quasinormal modes (QNMs) of BTZ black hole in spin-3 topologically massive gravity by solving the first-order equation of motion with the transverse-traceless condition. We find that these are different from those obtained when solving the second-order differential equation for the third-rank tensor of spin-3 field subject to suitable boundary conditions and having the sign ambiguity of mass. However, it is shown clearly that two approaches to the left-moving QNMs are identical, while the rightmoving QNMs of solving the second-order equation are given by descendants of the operator approach.
Introduction
Recently, higher-spin theories on AdS 3 have been paid much attention because they admit a truncation to an arbitrary maximal spin N [1, 2] . Especially, the prototype of spin-3 model is a third-rank tensor of spin-3 field coupled to topologically massive gravity. The authors [3] have discussed the traceless spin-3 fluctuations around AdS 3 spacetimes and, found that there exists a single massive propagating mode, besides left-moving and rightmoving massless modes (gauge artifacts). Also, a trace part of spin-3 fluctuations on AdS 3 spacetimes has been studied in Ref. [4] . However, such a massive trace mode has zero energy and becomes pure gauge at the chiral point. These are considered through extended analysis of spin-2 field in the cosmological topologically massive gravity [5] .
Very recently, Datta and David [6] have solved massive wave equations of arbitrary integer spin fields including spin-3 fields in the BTZ black hole background, and have obtained their quasinormal modes which are consistent with the location of the poles of the corresponding two-point function in the dual conformal field theory. This could be predicted by the AdS 3 /CFT 2 correspondence. They have considered the second-order equation of [¯ − m 2 + 4/ℓ 2 ]Φ ρµν = 0 for spin-3 fields with the ingoing modes at horizon and Dirichlet boundary condition at infinity. However, in this case, one confronts with sign ambiguity of mass m. Thus, in order to avoid this ambiguity, one could solve the first-order equation of ǫ αβ ρ∇ α Φ βµν + mΦ ρµν = 0 itself with the transverse and traceless (TT) gauge condition.
On the other hand, it was known that the operator approach (method) [7] is very useful to derive the quasinormal modes of spin-2 fields in the non-rotating BTZ black hole background in the framework of cosmological topologically massive gravity. This method has been applied to new massive gravity to derive their quasinormal modes of the non-rotating BTZ black hole [8] .
In this work, we obtain quasinormal modes of the non-rotating BTZ black hole in spin-3 topologically massive gravity by directly solving the first-order equation with the TT gauge condition in the operator approach. This method shows clearly how to derive quasinormal modes without sign ambiguity in mass.
Perturbation analysis for spin-3 fields
Since the spin-3 fluctuations on AdS 3 or BTZ background was formulated in [3] , let us write down the perturbation equation for the spin-3 fields Φ µνλ = e µabē a νē b
λ with e µab spin-3 connection andē a ν the background dreibein as
Similar to the perturbed equation of the (spin-2) graviton,
the spin-3 fluctuation also satisfies a third-order differential equation.
In this work, we consider the non-rotating BTZ black hole with the mass M = 1 and the AdS 3 curvature radius ℓ = 1 in global coordinates as
where the event horizon is located at ρ = 0, while the infinity is at ρ = ∞. Here we note thatḡ µν =ē a µē b ν η ab . In terms of the light-cone coordinates u/v = τ ± φ, the metric tensorḡ µν takes the form ofḡ
Then the metric tensor (4) admits the Killing vector fields L k (k = 0, −1, 1) for the local SL(2,R)×SL(2,R) algebra as
andL 0 andL −1/1 are obtained by substituting u ↔ v. Locally, they form a basis of the
In the BTZ black hole background, the spin-3 field of Φ ρµν determined by a third-order differential equation (1) is totally symmetric and satisfies the TT gauge condition
Hence its number of propagating degrees of freedom is counted to be one as
which corresponds to a single massive propagating mode as that in AdS 3 background [3] . The third-order equation (1) can also be expressed as
in terms of mutually commuting operators of
At the critical point of µ = 1, the operators D M and D L degenerate. We note that Eq. (9) is reduced to Eq. (1) when using the BTZ background
together with the TT gauge condition and the relation of [∇ µ ,∇ ν ]Φ µαβ = −4Φ αβ ν . Therefore, the third-order equation (1) can be decomposed into three first-order differential equations:
for a massive, a left-moving, and a right-moving degree of freedom, respectively. Importantly, three first-order differential equations (12) can be simply rewritten in terms of a single massive first-order differential equation as
with m = 2µ, 2, and −2. On the other hand, it could also be expressed in terms of a second-order differential equation [6] as
At this stage, we wish to point out the presence of sign ambiguity ±m in the second-order equation (14) . In order to avoid this ambiguity, one could directly solve the first-order equation (13) with the TT gauge condition. Having the structure in mind, let us find quasinormal modes for the spin-3 field in the BTZ background by solving the equation of motion (13) with the TT gauge condition. In order to implement the operator method [7, 8] , let us choose either the anti-chiral highest weight condition of L 1 Φ ρµν = 0 or the chiral highest weight condition ofL 1 Φ ρµν = 0, but not both simultaneously. Actually, we note that for a generic symmetric tensor Φ ρµν , the transversality condition of∇ µ Φ µνρ = 0 is not equivalent to choosing the chiral (anti-chiral) highest weight condition.
Left-moving quasinormal modes
The least damped (n = 0) quasinormal mode can be found by considering the form
with ω = h +h and k = h −h. This is the primary field which satisfies
Note here that the subscript ρ in Φ ρµν (u, v, ρ) is a dummy index, while ρ in the argument is the radial coordinate in (3). It seems to be a formidable task to solve the first-order equation with the TT gauge condition without choosing a simplified form of F ρµν . Inspired by the lesson learned from the spin-2 analysis [7, 8] , after tedious computations, we find the explicit solution
which imply that F vvv (ρ) is a single massive propagating mode. Here Eq. (18) is similar to the spin-2 case [7] , while Eqs. , the transversality condition of∇ µ Φ µνρ = 0 is equivalent to the anti-chiral highest weight condition of
We emphasize that Eq. (20) takes the form of the equation for the scalar field F vvv (ρ), not a third-rank tensor field. Then, its solution is given by
with a constant C. Finally, the equation of motion (13) determines h as a function of m of
Thus, the solution is summarized as
where
Considering the form of quasinormal frequency
we read off it from Eq. (23)
Thus, the solution (23) corresponds to a left-moving massive quasinormal mode of the least damped (n = 0) case for m = 2µ, leading to
As is expected by the anti-chiral gravity, we observe that there is no quasinormal modes (h L = 0) at the anti-chiral point of µ = 1. Also we observe that the asymptotic ρ-dependence of F L vvv takes the form of F L vvv ∼ e 2(1−µ)ρ , which is compared to the spin-2 asymptotic dependence of
In order to derive the higher-order quasinormal modes, we act on the anti-chiral highest weight quasinormal modes with the operator ofL −1 L −1 . The effect of this will be to replace ω Im by ω Im + 2 in Eq. (23). Hence one could expect to have
which are descendents of Φ
is again the solution to the first-order equation with the same boundary condition of asymptotic fall-off as in Φ L ρµν (u, v, ρ). Hence, the complete tower of the left-moving spin-3 quasinormal modes could be generated from Φ L ρµν (u, v, ρ). Consequently, the corresponding quasinormal frequencies are given by
4 Right-moving quasinormal modes
On the other hand, right-moving quasinormal modes of the least damped case can be obtained by substitution of u → v, h →h, and m → −m. Explicitly, they take the form of 
The solution is given by
with a constant D. The equation of motion (13) determinesh as a function of m
Considering m = −2µ, one finds
Then, the n = 0 least damped right-moving solution is given by
where F R ρµν (ρ) is given by Eqs. (30)-(32) with
Thus, its quasinormal mode can be read off as
As is expected by the chiral gravity, we observe that there is no quasinormal modes (h R = 0) at the chiral point of µ = −1.
Similarly, the higher-order quasinormal modes are obtained by acting the operator of
which are descendants of Φ R ρµν (u, v, ρ). Its quasinormal frequencies are given by
In Table 1 , we have briefly summarized the results by comparing the spin-2 field in Ref. [7, 8] with the spin-3 topologically massive gravity. For the spin-2 field satisfying (2), the QNMs for the left-moving component exist for only µ > 1, while the QNMs for the rightmoving one for only µ < −1 as in Ref. [7, 8] . Especially, the result of Ref. [7] is obtained by u → v, h →h, but not by m → −m. Instead, the authors gave the mass ranges for the QNMs as the left-moving (right-moving) component for µ > 1 (µ < −1), which are exactly the same with replacing m by −m in the equation of motion as shown in Table. 1. The QNMs for the left-moving (right-moving) spin-3 field are, by the same token, valid for only µ > 1 (µ < −1). Here we also note that there are no QNMs at µ = 1 (µ = −1) for the left-moving (right-moving) spin-2 field, while at µ = 1 (µ = −1) for the left-moving (right-moving) spin-3 field, expected by anti-chiral (chiral) gravity, respectively.
Discussions
We have obtained quasinormal modes of BTZ black hole in spin-3 topologically massive gravity by directly solving the first-order equation with the transverse-traceless condition in the operator approach. We have found that there is no n = 0 quasinormal modes (h L/R = 0) at the anti-chiral/chiral point of µ = ±1.
It seemed that these are different from those with T L/R = 1 2π
[6]
which are obtained when solving the second-order differential equations for the s-rank tensor of spin-s field imposed by the boundary conditions. We note that the signs ± of real part Solutions of first-order differential equations spin-2 field ǫ αβ µ∇ α h βν + mh µν = 0 ǫ For µ = ±1, we expect to develop logarithmic modes of spin-3 field in the BTZ black hole background as did for spin-2 field [8, 10] .
Consequently, the operator approach combined with the first-order equation is a useful method to derive QNMs of the BTZ black hole in the spin-s topologically massive gravity. We suggest that two approaches to the left-moving QNMs are identical, while the right-moving QNMs of solving second-order equation are given by descendants of the operator approach. 
On the other hand, by the substitution of u → v, h →h, and m → −m, we have the ingoing highest weight solution for the right-moving spin-2 field near the horizon
By acting the operator ofL −1 L −1 , the second descendent for the right-moving mode is given by
and
From (sinh ρ) (µ−3) in Eq. (45), its asymptotic form is given by
which is consistent with that of n = 0 right-moving quasinormal modes obtained by solving the second-order differential equation [6] . Explicitly, from Eq. (3.55) in Ref. [6] , we recover the same asymptotic form of R 22 (ξ) ∼ e (m−3)ξ for ξ = ρ and m = µ.
B. Descendants of spin-3 field
As was done in the spin-2 field, from the right-moving highest weight solution for the spin-3 field in Eqs. (37) and (38), the third descendent quasinormal modes can be computed as
with + ik(−5 − 14µ + 52µ 2 − 32µ 3 + k 2 (−5 + 8µ))) cosh10ρ + µ(1 − 3µ + 2µ 2 )(4µ(1 − 3µ + 2µ 2 ) + 3k 2 (1 − 2µ)
which coincides with that of n = 0 right-moving quasinormal modes obtained by solving the second-order differential equation [6] . Explicitly, from Eq. (B.32) in Ref. [6] , we recover the same asymptotic form of R 222 (ξ) ∼ e 2( m 2 −2)ξ for ξ = ρ and m = 2µ.
